Introduction
Various control techniques have been applied to the problem of active noise control including feedback and feedforward algorithms, utilizing both adaptive and robust designs ͓1͔. Inherent in most control methodologies is the need to model the system to be controlled. The sensor͑s͒, actuator͑s͒, and the acoustic behavior of the path between the disturbance and location of noise control all need to be included. With the aid of a valid mathematical model, one can better understand system behavior in the face of changing system parameters. Also, accurate determination of system behavior allows high-performance controller designs since the potentially destabilizing path from actuator to sensor is modeled. Furthermore, an accurate model leads to computer simulations that can be used to predict experimental performance.
The physical system is shown in Fig. 1 . It is a rigid duct of length L with a source loudspeaker at one end (xϭ0) and open at the other (xϭL), herein called the disturbance and open ends, respectively. The duct has a circular cross section of radius a and spatial coordinate x. There is a sensor microphone located at x ϭx a and a canceller loudspeaker located at xϭx c . The parameters for the experimental apparatus used are in Table 1 .
Modelling the propagation of sound in a duct is a classic problem and under common low-frequency assumptions, the sound waves propagating in a rigid tube are planar, or one dimensional in nature ͓͓2͔, p. 38͔. Various boundary conditions are employed in the literature.
One such approach ͓3͔ is to model both ends as perfectly open by setting the pressures equal to zero. This is an unrealizable case where no sound at all escapes from the ends of the duct and is inappropriate for application to active noise control, because the amount of sound escaping from the open end is often the quantity to be controlled. In Refs. ͓4 -8͔ a mixed absorptive/reflective boundary condition is used at the open end of the duct. This leads to a nonzero constant impedance. However, the analytical solution for the open end impedance of a duct ͓9͔ demonstrates that the impedance is highly frequency dependent. Thus, the physics of sound propagation in a tube show that, although small, the pressure p(x,t) is not zero at an open end and that the impedance is strongly frequency dependent. Hu ͓10͔ derives a transfer function for a duct with variable impedances at each end. No model for the impedances is given. Also, a time-domain interpretation for the model is not provided.
The boundary condition at the disturbance end of the duct is also treated in a variety of ways in the literature. The disturbance loudspeaker has been considered to be a source of pressure ͓4,7͔. However, a loudspeaker is closer to a volume velocity source than a pressure source. The disturbance speaker cone velocity can be used as the input to the duct transfer function. This approach is explored in Refs. ͓11,12͔. Feedback is introduced to a loudspeaker so that its response is close to that of a pure volume velocity source. This approach does not include the interaction between the loudspeaker and the duct. Even when undriven, the loudspeaker acts as a mechanical mass-spring-damper system and there is coupling between the duct and the loudspeaker. Thus, a system model which assumes a pure pressure or volume velocity source neglects this coupling. A full electromechanical model of the loudspeaker should be coupled to the duct model to properly represent the disturbance end.
In this paper, a duct model is developed. First, we cite the analytic solution to the frequency-dependent impedance of the open end of the duct ͓9,13͔. This model is coupled to the duct system as the open end boundary condition. Next, a model of a dynamic loudspeaker is coupled to the duct system as a source end boundary condition. A classic one-dimensional model for sound propagation inside the duct will be given, and the fully coupled system will then be solved in the frequency domain. Experimental results are presented that validate the derived model of the duct system.
Open End Boundary Condition
The open end of the duct results in a partially reflective and partially absorptive boundary condition. If the amount of reflection is independent of frequency, the boundary condition can be written in the time domain as ͓8͔
where p(x,t) and v(x,t) represent pressure and velocity, respectively, 0 is the density of the medium and c is the speed of sound in the medium. The quantity 0 c is the specific acoustic impedance for free propagation in the medium. When Kϭ0, this is equivalent to the zero-pressure model of the open end at xϭL where the wave is totally reflected but inverted, and when Kϭϱ, this is equivalent to a closed end at xϭL where the wave is totally reflected without inversion. When Kϭ1, the end impedance of the duct is equal to the medium's specific acoustic impedance, and as such the wave is totally transmitted, analogous to a semi-infinite duct.
Let p (L,s) indicate the Laplace transform of p(L,t), and define v (L,s) similarly. The specific acoustic impedance of the open end of the duct is
The impedance Z L is a quantitative measure of the manner in which the air outside the duct reacts against the sound waves in the duct. If K 0 or ϱ, energy is radiated by the duct into the air. Part of this radiated energy is real and propagates into the far-field and the remainder is stored or reactive energy. 
where
is the specific acoustic impedance of the end, and R is the reflection coefficient of the end of the duct. Let J 1 ,N 1 ,I 1 ,K 1 indicate Bessel functions, a the radius of the duct, kϭ2 f /c where f is the radiation frequency and c is the wave propagation speed. From Refs. ͓9͔ and ͓͓13͔, p. 1529͔, the analytical solution for R is
where the end correction l and magnitude ͉R͉ are defined as follows:
dx ͮ . Figure 2 shows the frequency dependent nature of the complex end impedance from Eq. ͑4͒ as well as the approximation ͑8͒ ͑defined below͒. It can be seen that the end impedance changes in nature from predominantly reactive to predominantly resistive as frequency increases. For the dimensions of our duct ͑Table I͒, the normalization parameter 2a/c ϭ0.0006 and so the normalized frequency is 1 when the actual frequency is 537 Hz. It can be seen from the plot that there is a significant variation in both the real and imaginary parts of the impedance over the frequency range 0-500 Hz.
The specific acoustic impedance of the duct at xϭL, Z L (s), given in Eq. ͑4͒, is approximated by a rational function in Ref.
͓͓14͔ pg. 122͔ using an electrical circuit analogy. The differential equations that model this impedance are as follows. Here P(t) is the driving voltage, P c (t) is capacitor voltage, and V m (t) is the inductor current. ͑Note that P(t) and V(t) are equivalent to the acoustic pressure p(L,t) and velocity v(L,t) respectively.͒ dP c dt
The corresponding impedance P (L,s)/V (s) of this model is
The parameter values are as given in Ref. ͓14͔, and are in Table 1 . The impedance of this rational approximation closely matches the original impedance ͑see Fig. 2͒ . The impedance ͑8͒ will henceforth be used as the impedance for the open end.
Disturbance End Boundary Condition
A loudspeaker is mounted at the disturbance end of the duct, acting as a source of noise. It is a common approach in the literature to impose the boundary condition of a closed end here. In this case, the loudspeaker is considered to be a volume velocity source, injecting a signal V D (t), and the particle velocity in the duct at the disturbance end is
where a 2 is the cross-sectional area of the duct.
This condition implies that, when undriven, the loudspeaker acts as a perfectly rigid end, with zero velocity. In fact, a loudspeaker connected to an amplifier has compliance, mass and damping even when undriven, and thus will not act as a perfectly rigid end.
A loudspeaker diaphragm moves when voltage across the input terminals causes current flow in the voice coil. The voice coil is in the magnetic field of the permanent magnet and the current produces a driving force which moves the attached diaphragm, generating an acoustic pressure. Compliance, mass, and damping exist in the loudspeaker from the spider and surround which attach the diaphragm to the frame. The movement of the voice coil within the permanent magnetic field induces a voltage, called the back EMF. The back EMF tends to oppose the driving voltage, and is proportional to the diaphragm velocity. The loudspeaker operates as a piston at low frequencies and can be modeled as a Fig. 2 Normalized impedance Z L Õ 0 c "Solid… and the rational approximation to Z L Õ 0 c"dashed…. "For our duct, normalized frequency is fÕ537.… simple mass-spring-damper system where the mass is that of the diaphragm and voice coil and the stiffness is due to the spider and surround. The effective cone mass m D typically includes a contribution due to the reactive component of the air load on the front and back of the loudspeaker diaphragm. We shall account for this discrepancy by using a effective value for m D different from the free-air value.
The governing equations of the loudspeaker are ͓͓14͔, e.g.͔
The loudspeaker suspension mechanical damping has been neglected in this model because it is dominated by the electrical damping due to V back . Solving, we obtain
is the driving force of the loudspeaker.
The loudspeaker is coupled to the duct by
and
where v(x,t) is the particle velocity in the duct and p(x,t) is the pressure in the duct. Taking Laplace transforms of the loudspeaker model in Eq. ͑14͒, we obtain
is the mechanical impedance of the loudspeaker, and Ê D (s) is the Laplace transform of the driving voltage E D (t). Note that when the loudspeaker is undriven (Ê D (s)ϭ0), the particle velocity at xϭ0, v (0,s), is not necessarily zero. It is dependent on Z 0 , the impedance of the loudspeaker, and p (0,s). The electrodynamic braking of the loudspeaker cone by its driving amplifier's zero output impedance is modeled by this equation.
Duct Model
The duct is considered to be a finite-length, hard-walled structure, with sound dissipation only at the ends. The pressure in the duct is a function of space and time p(x,t), particle velocity is v(x,t), and air density is (x,t).
The following well-known equations describe the propagation of sound in a one-dimensional duct, e.g., Ref. ͓15͔. Here V(x,t) is a volume velocity source per unit length of the duct due to the canceller loudspeaker,
The one-dimensional model used here assumes that the only propagating waves are the axial plane waves. The transverse waves attenuate rapidly and are neglected. For a circular duct of radius a, this assumption is valid for frequencies below the cutoff frequency of 0.293c/a ͓͓16͔, Sec. 9.2͔. For our system, a (20) The volume velocity is related to the voltage E c (t) applied to the loudspeaker by a model identical to that described above for the disturbance loudspeaker
Equations ͑18͒ and ͑19͒ with the model for the open end at x ϭL ͑Eqs. ͑5-7͒͒ and the loudspeaker model at xϭ0 ͑Eqs. ͑14-16͒͒ form a boundary value problem that fully describes the sound dynamics in the duct. Regarding V c (t) and E D (t) as external inputs, with state (p(x,t),v(x,t),P c (t),V m (t),x D (t),ẋ D (t)), this boundary value problem is mathematically well-posed with statespace L 2 (0,L)ϫL 2 (0,L)ϫR 4 ͑Appendix A͒. This implies that the controlled system with inputs E c and E D is well-posed.
We now derive the transfer function. This will be used to verify the model by comparing the theoretical and experimental frequency responses. Assume that the duct is initially in a state of rest. Taking Laplace transforms with respect to time of Eqs. ͑18͒ and ͑19͒, and writing p (x,s)ϭL͕p(x,t)͖, etc., we obtain
The set of Eqs. ͑22͒ is a linear boundary value problem for p as a function of x. This boundary value problem is solved in Appendix B, using a standard Green's-function method. Define
The transfer function that relates the pressure measured at x to the voltage applied to the disturbance loudspeaker at xϭ0 is
where 
The speaker cone radius r c is very small, and so the terms J(z) in the above function are close to the constant value 1 over the frequency range of interest, 0Ϫ500 Hz. Approximating J(z) by the constant value 1, we obtain
where we define
This is the same transfer function obtained if the canceller loudspeaker is regarded as a point source of volume velocity located at xϭx c . The spatial distribution of this loudspeaker has a negligible effect on the system frequency response over the frequency range of interest.
Experimental Verification
Our experimental duct setup, shown in Fig. 1 , consisted of the following components. The duct itself, of length 3.54 m, is a PVC 1120 water pipe with an 8-in. nominal inner diameter, and a wall thickness of 0.375 in. The disturbance loudspeaker is a Philips 9710/M8 8.5-in. dimeter, 8-ohm, full-range driver which fits snugly into the pipe's coupling section. The canceller loudspeaker is a Marsland ''Linear B'' 6.5-in., 8-ohm, high-compliance driver mounted with an adapter flange into the side of the duct at a distance of 2.32 m from the disturbance end. The reference and error microphones are Panasonic miniature WM-63 electret, pressure-responding capsules, with appropriate simple RC powering circuits. Each is mounted on a stiff wire so as to place the capsule on the center line of the duct, at the positions of the mid microphone ͑distance 1.095 m from the disturbance end͒, and end microphone ͑in the plane of the open end, 3.54 m from the disturbance end͒. The open end of the duct is well away from acoustic obstructions. A dSPACE model DS1102 DSP Controller Board was used to obtain the frequency response in conjunction with the dSPACE ''Real-Time Interface'' software which interfaces with MATLAB ͑with Simulink and the Real-Time Workshop͒.
From Eq. ͑14͒, the transfer function from drive voltage to cone acceleration is
As a validation of this loudspeaker model, the disturbance loudspeaker acceleration to input voltage response was measured in free air. Figure 3 compares the measured to the theoretical frequency responses. It can be seen that the measurement agrees well in magnitude and phase with the loudspeaker model to 400 Hz. Beyond this frequency value, the results bear no resemblance to the second order model. This can be understood by considering that the model assumes piston-mode behavior on the part of the loudspeaker. It is common for loudspeakers of this size to have breakup modes occurring in the 400-600-Hz range. Nonetheless, in the frequency range of interest to active noise control, up to roughly 400 Hz, the second-order loudspeaker model ͑14͒ is seen to be valid.
As previously discussed, it is a common practice in the literature to apply a rigid end assumption to the xϭ0 boundary condition: Z 0 ϭϱ. For the purpose of experimentally validating the simplified version of the transfer function with Z 0 ϭϱ, a rigid end was created by inserting a tightly-fitted wooden plug into the disturbance end of the duct, in place of the disturbance loudspeaker. Figures 4 and 5 display the frequency responses from the canceller speaker volume velocity to the midpoint pressure. In Fig. 4 the end xϭ0 is plugged to obtain a rigid end, while the data in Fig. 5 was obtained with the disturbance speaker in place, but undriven. It can be seen from the low-frequency disagreement that the rigid end boundary condition is not appropriate when a speaker is used at the end. As can be seen in Fig. 4 , agreement is very good up to roughly 500 Hz, and still somewhat valid up to 700 Hz. This illustrates the increased accuracy in the model obtained by using the frequency-dependent impedance Z L at the open end.
Figures 6 -9 illustrate the four measured voltage to pressure transfer functions, compared to the theoretical transfer function derived in Secs. 2-4. In all four figures, it can be seen that the model agrees very well with the data in the region where the loudspeaker model is valid, 50-500 Hz. Agreement is quite good up to about 900 Hz.
Figures 6 and 8 illustrate that the pressure at the xϭL end is quite significant, particularly at the natural frequencies of the duct. This illustrates the error of earlier models which assumed that pressure is 0 at xϭL.
Conclusions
An improved analytical duct model has been experimentally verified. The necessity of carefully modeling the boundary conditions of the duct has been demonstrated.
A theoretical and fully analytical solution to the open-end impedance of the duct has been cited. An approximation of this frequency-dependent impedance was coupled to the duct system, and experimentally validated.
A loudspeaker model was coupled to the duct system model at the disturbance end, providing a better fit to experimental data than more simple boundary conditions. A loudspeaker model for the canceller signal was also included. Although this speaker has a nonconstant frequency response, the spatial distribution of the speaker was found to be insignificant over the frequency range of interest, 0-500 Hz.
The theoretical model is very accurate up to about 500 Hz, and reasonable up to the frequency where the one-dimensional assumption breaks down, about 900 Hz.
Since the model is physics based, and the parameters are carried through the model development, application of this model to other experimental configurations should be straightforward. The results obtained here for the one-dimensional duct can also be extended to analyze the three-dimensional problem, permitting the study of active noise control for more complicated applications.
Active noise control implementations could exploit the modeled transfer function. Good experimental agreement over the frequency range 0-500 Hz permits the robust design of controllers with good performance. The model can be used in computer-based controller design. In addition, accurate modeling of the feedback path from canceller loudspeaker to monitor microphone would aid the implementation of adaptive control strategies.
Appendix A: State-Space Formulation
We will now show that the duct model is mathematically well posed. Define the state zH where
The Hilbert space H has inner product
Let ⌫ L indicate function evaluation at xϭL, ⌫ 0 function evaluation at xϭ0. Define the operator A on H 
We will use the Lumer-Phillips Theorem ͑e. 
Integrating the first integral by parts, 
Re͗Az,z͘
H ϭRe ͭ Ϫz 2 ͑ L ͒z 1 ͑ L ͒ϩz 2 ͑ 0 ͒z 1 ͑ 0 ͒ Ϫ 1 R 2 z 1 ͑ L ͒z 3 Ϫ ͩ 1 R 1 ϩ 1 R 2 ͪ ͉z 3 ͉ 2 ϩz 1 ͑ L ͒z 4 Ϫ A D a 2 z 1 ͑ 0 ͒z 6 Ϫ d D a 2 ͉z 6 ͉ 2 ͮ .
Now apply the boundary conditions in D(A):
Re͗Az,z͘ H ϭRe ͭ Ϫ
for all zD(A). ͑2͒ We now show that Range (ϪA)ϭH. Let y ϭ(,,y 1 ,y 2 ,y 3 ,y 4 ) be any element of H. We need to find z D(A) so that The choice of coefficients A, B, C, D is made using the boundary conditions, so that pressure p(x) can be calculated from G (,x) .
To this end, examine the integral
Integrating the right-hand side by parts, gives
Substituting the conditions in Eqs. ͑22͒ and ͑29͒ we obtain 
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